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Abstract: We present a scheme for approximating solutions to certain nonlinear para- 
bolic equations, using the Green’s function for the heat operator as the basis for the 
computation. 
Consider the one-dimensional nonlinear parabolic equation: 
u1 = P(u),, + f(z,r;u), 0 < 2: < ir 
v(O,2) = v(ir,t) = 0 (I) 
‘u (x,0) = uo (z) 
In this note we consider the feasibility of using a computational Green’s function 
(CGF) approach to produce fast, accurate solutions to (1). 
Rewrite the PDE as 
d(U)t = PC& + [f(O; ?-J) - ‘LLt + UP @>,I (2) 
for a > 0 as yet unknown, and let K be the Green’s function for the linear part of (2): 
K(z,t;t) = z 2 eWnSt/’ sinnt sinn< 
n=l 
K(z,t;<) = ; (f)l’2 $ [exp { a(z - eIt’ w’} _ exp { a(2 + e&-f w2}] 
(Efficient computation of K is discussed in [l].) F rom this we can write a formal solution 
of (2) as 
0 
At r 
II Ii’ (2, s; <) F (F, t - s; u ((, t - s)) d< ds 
where 
Split the second 
function property of 
J J 
0 0 
F(z,t;u) = f(z,t;u) - ut + c4P(U)t 
integral into two parts and approximate 
I< as the second argument approaches 0: 
293 
as follows, using the 6- 
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At r 
I/ K(z,s;<) F(<,t-s;u(<,t-s)) d<ds = 
0 0 
1 
1 
+ f(z,t;u(z,t)) + / Ii’(z,ACt) f(I,t - At;u(<,t - At)) dt 
a&(r,t -At)) - 
I 
+ 0 (At”) 
+ oP(u(z,t)) - u(z,t) + U(Z,1 - At) + 0 (At2) 
Thus 
(1 - a) P(u(t,t)) + v(z,t) - iAtf(~,t;u(z,t)) = 
u (z,t - At) - aP(u(z,t -At)) + 
r 
J Ii (CT, At;<) ;AU(F,r-AW,t-At)) + P(u([,t-At)) 1 dt 0 
To finish the approximation we employ a quadrature rule on the remaining integral. 
For the purposes of this discussion we use the trapezoid rule so that we finally get: 
(1 - a) p;+’ + .;+I - 2 &f;C’ = 
N 
uj” - Q Pi” + C Kij 
i=l 
f At f: + /3;” 
> 
(3) 
where: 
U? a U(tj,tn), f; = .f(~j,tn;U~), Py = P($) 
h = T/N, zj = jh, t, = nAt, Iiij = hlC(tj,At;~i) 
Note that computation requires the solution of only scaler nonlinear equations. 
This algorithm is stable so long as 
where L, is the Lipschitz constant for p, ,LY (7) 2 0, for all 7, -n/r 5 fU 5 0 for some 
constant M, and we use enough quadrature points to insure that C IC‘j < 1. 
The scheme is very similar to the nonlinear Chernoff formula as used in [2) and (31. 
If /3(U) = b, constant, then the approximation simplifies to 
(4) 
which is somewhat more accurate since the O(At) approximations involved in treating 
UL and p(u), are not required. 
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The computations are especially efficient on a vector or parallel machine since the 
quadrature calculations take good advantage of the architecture and the uncoupling of 
the algebraic system allows for maximum concurrency. Some preliminary tests run on a 
Cyber 205 at the University of Georgia indicate that the CGF approach can be faster 
than conventional difference schemes for sufficiently many grid points. 
Since K(z,~;() decreases rapidly (for small At) as Iz - <I increases, some extra 
speed-up can be obtained by simply ignoring those parts of the sum where the kernel is 
negligible. The dominant term in the kernel is 
To make this term less than, say, 0(A@ ), then, requires taking 
1x - [I 2 2 [- log (2Ar4 (;r At)“?)] “’ 
This can be used to limit the extent of the summation index in (3) and (4). Note that 
this actually increases stability, since the C h;j term is now even smaller than before. 
This algorithm was used to approximate solutions to the two nonlinear problems 
given below. Solution graphs for h = r/64 follow. A more complete treatment of these 
ideas, including extensive error analysis and testing, is in preparation [4]. 
ut = (zt3),, 0 < 2 < A 
u(0,t) = U(A,1) = 0 
u(x,O) = x(x - x) 
‘ut = utz -&,O<X<? 
u(O,t) = U(A,Q = 0 
u(x,O) = X(A - x) 
In (P2) the constants were taken to be: V = 0.95, li = 0.05. 
CGF Test 
(PI) 
W) 
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